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DIRECTION OF ARRIVAL ESTIMATION BY USING STANDARD 

COMMUNICATION TECHNOLOGIES IN INDOOR ENVIRONMENT 

 

ABSTRACT 

 

    Recently, direction of arrival estimation has become a significant information to 

obtain the position of mobile devices which they have wireless communication 

technologies. The accuracy of the direction of arrival (DOA) estimation has a crucial 

role to determine the position of these devices, such as robots, vehicles etc. An antenna 

array structure makes possible to estimate direction of arrival angle by using the 

several array signal processing techniques. The primary aim of this study to obtain the 

DOA estimation and can be applied with any distance position techniques, for using 

in low-profile devices to acquire 1-D indoor position of mobile devices. The multiple 

signal classification method is almost used with all geometric array configurations to 

determine the direction of arrival angle of the incoming signal. In this dissertation, we 

will apply MUSIC algorithm one by one to the uniform liner array, the uniform circular 

array and the L-shaped array geometric configurations. Moreover, we perform a 

MATLAB based simulation to combine all the results, to improve the accuracy of the 

DOA estimations.  

 

Keywords: Direction of arrival estimation, multiple signal classification, uniform 

linear array, uniform circular array, L-shaped array, mobile devices 
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STANDART HABERLEŞME TEKNOLOJİLERİ KULLANILARAK KAPALI 

ALANLARDA GELİŞ AÇISI KESTİRİMİ YAPILMASI 

 

ÖZ 

 

Geliş açısı kestirim bilgisi; kablosuz iletişim teknolojisini kullanan mobil cihazların 

konumlarının belirlenmesinde önemli bir veri haline gelmiştir. Robotlar ve araçlar gibi 

mobil cihazların pozisyonlarının doğru bir şekilde elde edilmesi için, geliş açısı 

kestirim bilgisinin hassasiyeti de önemli rol almaktadır. Geliş açısı kestirimi; bir anten 

dizisi ile birlikte uygun bir sinyal işleme tekniği kullanılarak elde edilebilir. Bu 

çalışmanın temel amacı; düşük profilli mobil cihazların konumlarının belirlenmesinde, 

herhangi bir mesafe belirleme tekniği ile birlikte kullanılabilecek tek boyutlu 

düzlemde geliş açısı kestirim bilgisi elde etmektir. Çoklu sinyal sınıflandırma tekniği; 

gelen sinyal geliş açısını elde etmek için, hemen hemen bütün geometrik anten 

dizilerine uygulanmıştır. Bu çalışmamızda, çoklu sinyal sınıflandırma yöntemini 

doğrusal, dairesel ve L şeklinde geometrik yapıya sahip anten dizilerine uygulayarak 

geliş açısı kestirim verisini elde edilmiştir. Ayrıca, MATLAB tabanlı benzetimler 

geliştirerek, tüm geometrik anten dizilerinden gelen verileri sentezleyip, geliş açısı 

kestirim bilgisinin doğruluğu artırılmıştır. 

 

Anahtar kelimeler: Geliş açısı kestirimi, çoklu sinyal sınıflandırma, doğrusal anten 

dizisi, dairesel anten dizisi, L-şeklinde anten dizisi, mobil cihazlar 
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CHAPTER ONE 

INTRODUCTION 

 

In recent years, the development of the robotic technology has led to widespread 

uses of robots in many industrial and daily life applications. In some particular task 

domains, robots can perform tasks more economically and reliably than humans 

(Trinh, Duc Thang, Kim, Lee, & Chang, 2012). However, robots must have some 

information to achieve their tasks with high accuracy. Robot localization has been 

accepted as one of the most primary information (Borenstein, Everett, & Feng, 1996). 

Localization problem can be defined as determining the position of a robot, in mobile 

robotics (Cox, 1990). Moreover, position information is essential for controlling, 

tracking and monitoring of tasks assigned to robots.  

 

Recently, many studies have been presented to specify the position of robot. 

Although plenty of proposed solutions are presented, in terms of developing a low-

cost and fast technic for multiple-source signals, the robot localization problem is still 

a challenge. Global positioning system (GPS) is a good solution to determine position 

of devices, vehicles, robots etc., when they operate in an outdoor environment. GPS 

hasn’t enough accuracy and sometimes it is completely useless, because of signal 

losses and corruption in indoor environments (Thummalapalli, 2012). That’s why we 

need other technologies to find the position of a robot in an indoor environment. The 

robot odometric sensors are one of the solution to determine position of wheeled 

robots, as they give knowledge about robot movements. In this wise, if the initial 

position is known last position can be calculated. Unluckily, odometric sensors have 

some noise and accumulate errors in time (Borenstein & Feng, 1994). Because of that 

they aren’t suitable for long term localization. Some techniques are developed to 

increase the accuracy, but these techniques cannot handle to decrease error in 

acceptable level for long time using (Wawak, Matia, Peignot, & Puente, 1999).  

 

Wi-Fi based localization systems can be separated by the measurement techniques. 

These approaches are different from each other in terms of the specific technique used 

to sense and measure the position of the mobile device under the environmental 
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conditions. Basically, Real Time Location Systems (RTLS) can be classified into four 

categories (Cisco, 2008); 

 

• Cell of origin (nearest cell) 

• Distance (Lateration, tri-lateration, triangulation etc.) 

• Angle (angulation, angle of arrival (AOA), direction of arrival (DOA)) 

• Location patterning (pattern recognition) 

 

One or more of these techniques can be used together to design an RTLS system. 

Compared to distance based techniques; DOA estimation components are more 

expensive and their power consumption is higher. However, distance based techniques 

aren’t convenient to be used in inhomogeneous mediums like underwater, indoor 

environment etc. (Zekavat & Buehrer, 2011).  

 

Recently, direction of arrival estimation (DOA) emerge as an important data to 

determine the position of mobile robots which has more than one wireless components, 

such as wireless sensor networks. The DOA estimation and one distance technique like 

triangulation can be used together to obtain the position of a signal source. The 

accuracy of the direction of arrival estimation is significant in many areas like 

communication and radar systems including sonar, radio astronomy, and navigation 

systems (Hwang, Aliyazicioglu, Grice, & Yakovlev, 2008; Evans, Johnson, & Sun, 

1982). Antenna array geometrical model and an efficient signal processing method can 

improve the performance and accuracy of DOA estimation (Lee, Chen, Song, Wei, & 

Hwang, 2005). 

 

There is one-to-one relationship between the direction of a signal and the related 

received steering vector, that being so an antenna array can be used to estimate the 

direction of arrival information. An antenna array is formed by antennas that outspread 

in an area (Koca, 2015). They help to reduce interference, system complexity and to 

manipulate receiving signals for augmentation and parameter estimation in systems 

that they used (Johnson, 1982; Balanis & Ioannides, 2007).  
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Practically, the DOA estimation is made difficult by the fact that there is unknown 

number of impinging signals on the array at the same time and each of them are coming 

from unknown direction with unknown amplitudes. In addition, the received signals 

are always corrupted by the additive noise. Nonetheless, there are several techniques 

to estimate arrival angle of the impinging signals. The most commonly used DOA 

estimation techniques are spectrum based methods. The DOA can be obtained by 

spectral estimations methods by determining local maximums of signals from their 

spatial spectrum (Johnson, 1982).  DOA estimation techniques can be categorized into 

two classes namely conventional techniques and subspace-based techniques (Balanis 

& Ioannides, 2007). Conventional techniques are also known as nonparametric 

techniques. Bartlett (1950), Capon (1969) and Burg (1967) developed some 

conventional-based algorithms to obtain DOA estimation (Bartlett, 1950; Capon, 

1969; Burg, 1967). Tan et. al. (2002) presented that the algorithm of Burg; Maximum-

likelihood estimation has better performance than others (Tan et. al., 2002). It 

maximizes log-likelihood function of incoming signal data to obtain DOA estimation. 

However, the conventional beamforming methods are useless when the angular space 

between the arriving signals are less than beam width (Haykin, 1985). In 1970s, some 

subspace-based techniques were developed. Multiple Signal Classification (MUSIC) 

are introduce by Schmidt (1986), and Roy and Kailath (1989) found out Estimation of 

Signal Parameters via Rotation Invariance (ESPRIT) algorithm (Schmidt, 1986; Roy 

& Kailath, 1989). 

 

Several direction finding techniques and algorithms have been built to improve 

direction of arrival estimation in last years. Also, these algorithms were applied on 

different antenna array geometries. Bartlett, Capon, Maximum-likelihood, MUSIC 

and ESPRIT methods were firstly applied for uniform linear array (ULA) and uniform 

rectangular array (URA). Except Maximum-likelihood (ML) algorithm, the all of other 

techniques have been failed to determine angle of arrival for coherent signals (Wax & 

Sheinvald, 1994). Evans et. al. (1982) and Shan et. al. (1985) proposed spatial 

smoothing techniques to use with coherent signals in antennas which has ULA 

geometry (Evans, Johnson, & Sun, 1982; Shan, Wax, & Kailath, 1985). But, ULA 

can’t provide full azimuth angle coverage and URA has same problem when non-
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omnidirectional elements are used. The DOA estimation for uniform circular arrays 

(UCAs) and L-shaped arrays (LSA) has been developed in these scenarios.  

 

Many two-dimensional (2D) angle of arrival estimation methods using planar 

arrays have been proposed. L-shaped array has been used one of the most widespread 

and its estimation performance is better than other geometric structure arrays (Liu, 

Yang, Li, & Cao, 2017). Many direction of arrival estimation techniques were applied 

L-shaped array geometry to improve its performance. MUSIC (Hua, Sarkar, & Weiner, 

1989), ESPRIT (Jian, Shu-xun, & Xiao-li, 2006), Propagator Method (PM) (Tayem & 

Kwon, 2005) and Joint Singular Value Decomposition (JSVD) algorithm (Gu & Wei, 

2007) were proposed. All these algorithms have been considered that L-shape array is 

formed by combining two uniform linear arrays (ULA). That’s why the DOA 

estimation fidelity is limited by the array aperture (Liu, Yang, Li, & Cao, 2017). To 

overcome these problems some other algorithms like minimum-redundancy array 

(MRA) (Camps, Cardama, & Infantes, 2001), and two-level nested array (Pal & 

Vaidyanathan, 2010), were developed. 

 

Another geometric structure of planar antenna array is circular array, which is used 

to estimate direction of arrival angle. In many applications the antenna is placed with 

uniform distance and the structure is called a uniform circular array (UCA). UCA has 

attracted more attention than other geometries recently, because it has some 

advantages like full coverage azimuth angle and a certain degree of elevation angle. In 

addition, the direction patterns synthesized with UCAs can be electronically rotated in 

the plane of array without considerable change of beam shape (Ioannides & Balanis, 

2005; Lau & Leung, 2000). Moreover, all sensors on a circular array almost generates 

identical beam patterns because the UCA has no edge elements. Like all other 

geometrical structures plenty of the DOA techniques was applied to UCA. However, 

the UCA array manifold has not Vandermonde structure and more complex than other 

array type. The UCA steering vector needs a transformation technique to convert array 

manifold Vandermonde structure to get high performance with subspace methods. The 

UCA steering vectors are transformed to Vandermonde form via using phase mode 

excitation (Davies, 1983) by Doron & Doron (M.A. Doron & E. Doron, 1992). The 
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same direction of arrival methods, which are developed for other array structures such 

as MUSIC, were expanded for UCA geometry like UCA-MUSIC (Mathews & 

Zoltowski, 1994a), UCA-ESPRIT (Mathews & Zoltowski, 1994b), and their variations 

(Wax & Sheinvald, 1994; Chan & Litva, 1995).  

 

In this thesis deals we propose a system to determine the DOA estimation and can 

be applied with any distance position techniques, for using in low-profile devices to 

obtain one-dimensional indoor position of mobile robots. The robots which we use in 

that thesis can be seen in Figure 1.1. The array antenna which we used has only four 

elements in a square form.  We will apply different DOA algorithms to different 

variations of antenna array geometries without changing the location and number of 

elements. We will use different antennas variation to change array type. In Figure 1.1, 

it can be seen basic structure of our design. In that structure many array type can be 

created. We consider 3 types of array which they are uniform linear array (UCA), L-

Shaped array (LSA) and uniform circular array (UCA). ULA is formed by antenna-1 

and antenna-2, LSA is created by antenna-1, antenna-2 and antenna-4. UCA is 

comprised by all antennas. We applied MUSIC algorithm to determine DOA 

estimation on these three array structures. After determining DOA, we obtain weight 

for each results depending on their performance. 

 
Figure 1.1 The simple view of the robot which is used in implementations 
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Figure 1.2 Basic geometrical structure of antenna locations 

  
In the following chapter some principal concept to develop a subspace based DOA 

algorithms and their mathematical model for ULA, L-Shape, and UCA antenna array 

geometries are introduced. In the 3rd chapter the principle of MUSIC DOA algorithms 

for these three array types are discussed. In 4th chapter, the MATLAB simulation of 

DOA algorithms are presented and the performance for each scenario is analyzed. In 

chapter 5th conclusion is made and the possible future work is discussed. 
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CHAPTER TWO  

DIRECTION OF ARRIVAL ESTIMATION 

 

The purpose of DOA estimation is to estimate arrival angle of the impinging signal 

on an antenna array. The array geometry is very important in DOA estimation 

techniques. Also, each array type has some advantages and at the same time some 

disadvantages when we compare them. The antenna elements can be arranged in many 

geometries such as linear, circular planar and random arrays. In this chapter, ULA, 

LSA and UCA based DOA estimation will be introduced based on MUSIC algorithm.  

 

 
Figure 2.1 Overview of Direction of Arrival Estimation (Mubeen, Prasad, & Jhansi Rani, 2012) 

 

2.1 Signal Model  

 

Currently all the DOA estimation methods are model based. Proper mathematical 

model of signals and some assumptions (such as far field, narrowband assumption) 

have to be set up to apply the DOA estimation algorithms successfully. Basically signal 

impinging on an array can be modelled like below; 

Consider an array composed of  elements and  receiving signals from different 

directions,  Ф1, Ф2, … .Ф𝑝𝑝. If the array output signal based on  number of snapshots 

is denoted by 𝑥𝑥(𝑡𝑡1), 𝑥𝑥(𝑡𝑡2),⋯ , 𝑥𝑥�𝑡𝑡𝑞𝑞�, than the 𝑀𝑀𝑀𝑀1 observed data vector is: 

𝑥𝑥(𝑡𝑡) = ∑ 𝛼𝛼(Ф𝑘𝑘)𝑝𝑝
𝑘𝑘=1 𝑠𝑠𝑘𝑘(𝑡𝑡) + 𝑛𝑛(𝑡𝑡),   𝑡𝑡 = 𝑡𝑡1, 𝑡𝑡2, … … 𝑡𝑡𝑞𝑞                   (2.1) 

Equation (2.1) in matrix notation is; 
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𝑋𝑋 = 𝐴𝐴. 𝑆𝑆 + 𝑁𝑁                                                   (2.2)    

where the dimension of array output signal 𝑋𝑋 is , 𝑀𝑀𝑀𝑀𝑀𝑀,  𝐴𝐴 is the steering matrix of the 

array with dimension 𝑀𝑀𝑀𝑀𝑀𝑀, 𝑆𝑆 is the signal matrix with dimension 𝑝𝑝𝑝𝑝𝑝𝑝 and 𝑁𝑁 is the 

noise matrix with the same dimension of the array output signal 𝑀𝑀𝑀𝑀𝑀𝑀.  

 

2.2 Array Construction 

 

In this section, we will construct signal model for Uniform Linear Array (ULA), 

Uniform Circular Array (UCA) and L-Shaped Array geometric structures. Many 

investigations have been done in the ULA already. Nearly all the DOA methods are 

implemented on this array structures. Nowadays, UCA geometry get more and more 

attention. Because it has some advantages compare to ULA and LSA (Zou, 2012).    

 

2.2.1 Array Response of Uniform Linear Array  

 

Consider a ULA consisting of M number of element that are aligned and equal 

spaced place on a line. The distance between elements is represented as d. In the 

noiseless medium, the signal that impinging on the rightmost element from the far-

field source is denote as 𝑠𝑠(𝑡𝑡). In Figure 2.2 an ULA that is constructed by the M 

elements and a signal source is emitting from far-field is presented.  

 

 
Figure 2.2 Uniform linear array model via azimuth angle (Shapoury, 2007) 
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The signal impinging on other elements will have some delays compared to 

rightmost element.  

𝑠𝑠𝑘𝑘(𝑡𝑡) =  𝑠𝑠(𝑡𝑡 − 𝜏𝜏𝑘𝑘)                                              (2.3) 

where  is the relative delay between kth element and the rightmost one. 

 

The angle between the source and the line to ULA is defined as the direction of 

arrival. It is represented as Ф. Then the delay at mth elements is presented as: 

  𝜏𝜏 = (𝑚𝑚 − 1) 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑(Ф)
𝑣𝑣

                                            (2.4) 

When the ULA is constructed, the distance should be setup properly to avoid spatial 

aliasing. In other word, the phase difference between adjacent elements should not be 

more than π. If the phase difference larger than π, the phase delay can be the same as 

the one with 2π − Ф. To avoid spatial aliasing, the distance should be arranged with 

considering Equation 2.4; 

�2𝜋𝜋𝜋𝜋𝜋𝜋 sinФ
𝑣𝑣

� ≤ 𝜋𝜋                                             (2.5) 

The wavelength is determined by the maximum frequency of the signal, so; 

𝜆𝜆𝑚𝑚𝑚𝑚𝑚𝑚 = 𝑣𝑣
𝑓𝑓𝑚𝑚𝑚𝑚𝑚𝑚

                                                (2.6) 

If we rearrange Equation 2.5; 

𝑑𝑑 ≤ 𝜆𝜆
2|sinФ|                                                  (2.7) 

where 𝑣𝑣, is the speed of the signal and 𝑑𝑑 is the distance between adjacent elements.  

 

Now we can write the antenna array response 𝐴𝐴(∅) to the impinging 𝑠𝑠𝑘𝑘 as 

 𝐴𝐴(∅)  = �𝛼𝛼1(Ф1)  𝛼𝛼2(Ф2)⋯𝛼𝛼𝑝𝑝�Ф𝑝𝑝��                              (2.8) 

𝛼𝛼(∅) =  [1, 𝑒𝑒−𝑗𝑗�
2𝜋𝜋
𝜆𝜆 �𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑∅, … 𝑒𝑒−𝑗𝑗�

2𝜋𝜋
𝜆𝜆 �𝑑𝑑(𝑀𝑀−1)𝑐𝑐𝑐𝑐𝑐𝑐∅  ]𝑇𝑇                    (2.9) 
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In section 2.1 the signal model of output signal was explained. After determining 

array steering vector, the array output signal can be written as below; 

𝑋𝑋(𝑡𝑡) = 𝐴𝐴(∅)𝑠𝑠𝑘𝑘(𝑡𝑡) + 𝑁𝑁(𝑡𝑡)                (2.10) 

In equation 2.10, 𝑋𝑋(𝑡𝑡) stands for received signal model, 𝑁𝑁(𝑡𝑡) represent the noise 

of the incoming signal. 

 

In the case of the ULA geometric configuration, the steering vector of the incoming 

signal has Vandermonde Structure. Because of that, the MUSIC algorithm which is 

described in section 2.3.1, can be applied directly to estimate DOA information.   

 

2.2.2 Array Response of Uniform Circular Array  

 

    As it can be seen in Figure 2.3, uniform circular array is a special planar array with 

some superb features over uniform linear array it is azimuthally coverage 3600. 

Moreover, it is a two-dimensional method which it can provide particular degree of 

elevation information. In addition, UCA usually needs less space than ULA. 

Practically, some hardware is very complex that leave a little space to place array. In 

this case, UCA will be a better option than ULA.  

 

 
Figure 2.3 Uniform circular array model on polar rectangular coordinates (Al Jabr, Kwon, & Tayem, 

2008) 

 

The M identical antenna elements are distributed uniformly over the circumference 

of a circle with the radius 𝑟𝑟. If the center of the UCA point is taken as the reference 
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point, the signal of wavelength 𝜆𝜆 which is arriving from the azimuth angle ∅ ∈ [−𝜋𝜋,𝜋𝜋] 

and the elevation angle 𝜃𝜃 ∈ �0, 𝜋𝜋
2
�, than the nth component of the steering vector can be 

obtained by Equation 2.11. 

𝛼𝛼𝑛𝑛(∅) = exp[𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗(𝜃𝜃) cos �∅ − 2𝜋𝜋(𝑛𝑛−1)
𝑀𝑀

�]                      (2.11) 

where  𝑘𝑘 is named as the wave number. If we assume that 𝜍𝜍 = 𝑘𝑘0𝑟𝑟 sin𝜃𝜃,   𝛾𝛾𝑛𝑛 = 2𝜋𝜋(𝑛𝑛−1)
𝑀𝑀

  

and 𝑛𝑛 = (1,2, … ,𝑀𝑀). The steering vector can be rearranged as: 

𝛼𝛼(∅) = [𝑒𝑒𝑗𝑗𝑗𝑗 cos(Ф−𝛾𝛾0), 𝑒𝑒𝑗𝑗𝑗𝑗 cos(Ф−𝛾𝛾1), … , 𝑒𝑒𝑗𝑗𝑗𝑗 cos(Ф−𝛾𝛾𝑀𝑀−1)]              (2.12) 

Equation 2.12 shows us that the phase shifting at each elements isn’t linearly 

independent. The steering vector is not in Vandermonde structure like ULA steering 

vector.   

 

The beam shape of the uniform circular array is periodic in azimuth angle. For this 

reason, it can be convert to different Fourier harmonics by using Fourier analysis 

(Davies, 1965). The phase mode excitation method is providing to convert the steering 

vector of incoming signal to Vandermonde structure.  

 

Assume that we have a transformation matrix as 𝑇𝑇. Then, the incoming signal 

output, the array response and the noise signal can be determined like below, 

𝑋𝑋�(𝑡𝑡) = 𝑇𝑇𝑇𝑇(𝑡𝑡),                                                    (2.13) 

𝐴̃𝐴(∅) = 𝑇𝑇𝑇𝑇(∅),                                                   (2.14) 

𝑁𝑁�(𝑡𝑡) = 𝑇𝑇𝑇𝑇(𝑡𝑡),                                                   (2.15) 

And then the output of impinging signal can be defined; 

𝑋𝑋�(𝑡𝑡) = 𝐴̃𝐴(∅)𝑆𝑆(𝑡𝑡) + 𝑁𝑁�(𝑡𝑡)                                          (2.16) 
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Where the transformation matrix is; 

𝑇𝑇 = 𝐽𝐽𝐽𝐽                                                        (2.17)    

In the equation (2.18), 𝐽𝐽 matrix and the resulting phase mode array beam pattern 

matrix 𝐹𝐹 matrix can be denoted respectively as below, 

𝐽𝐽 = 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 � 1
√𝑀𝑀𝑗𝑗𝑚𝑚𝐽𝐽𝑚𝑚(𝑘𝑘𝑘𝑘)

� (2ℎ+1)𝑥𝑥(2ℎ+1)                                  (2.18)                                             

𝐹𝐹 = 1
√𝑀𝑀

⎝

⎜
⎜
⎜
⎛

1 𝑤𝑤−ℎ 𝑤𝑤−2ℎ 𝑤𝑤−3ℎ ⋯ 𝑤𝑤−(𝑀𝑀−1)ℎ

⋮ ⋮ ⋮ ⋮ ⋯ ⋮
1 𝑤𝑤−1 𝑤𝑤−2 𝑤𝑤−3 … 𝑤𝑤−(𝑀𝑀−1)

1 1 1 1 … 1
1 𝑤𝑤1 𝑤𝑤2 𝑤𝑤3 … 𝑤𝑤(𝑀𝑀−1)

⋮ ⋮ ⋮ ⋮ … ⋮
1 𝑤𝑤ℎ 𝑤𝑤2ℎ 𝑤𝑤3ℎ … 𝑤𝑤(𝑀𝑀−1)ℎ ⎠

⎟
⎟
⎟
⎞

(2ℎ+1)𝑥𝑥𝑥𝑥

           (2.19) 

In Equation 2.18 and 2.19, 𝑤𝑤 = 𝑒𝑒
𝑗𝑗2𝜋𝜋
𝑀𝑀  is the phase-mode beamforming vector, 

𝐽𝐽𝑚𝑚(𝑘𝑘𝑘𝑘) denotes Bessel function of the first kind of the order depends on (𝑘𝑘𝑘𝑘),   ℎ ≈

𝑘𝑘0𝑟𝑟 is defined the maximum phase mode order and 𝑚𝑚 = (−ℎ, … ,0, … ,ℎ) is 

represented phase range of beamforming vector.  

 

There are two significant indispensable rules to apply phase mode excitation to 

UCA structure. The first significant rule is that Bessel function value is small when 

| 𝑚𝑚 |< 𝑘𝑘𝑘𝑘. In order to apply phase mode excitation to UCA structure with an acceptable 

highest mode. Therefore, the highest phase mode order must be 𝑚𝑚 ≈ 𝑘𝑘0𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟(∅) ∊

[0, 𝑘𝑘0𝑟𝑟]. 

 

The second one is about spatial Nyquist theorem. The number of the element in the 

UCA structure must be at least twice of the highest phase mode order.  

 

As a result of these two major rules, the distance between two adjacent elements 

should meet 𝑑𝑑 ≤ 𝜆𝜆
2�  and the radius of the array must be 𝑟𝑟𝑚𝑚𝑚𝑚𝑚𝑚 = 𝑁𝑁𝜆𝜆

4𝜋𝜋
. 

 

The output of the steering matrix can be converted to VULA structure by 
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multiplying of the original array response matrix of the UCA structure with 

transformation matrix as in equation (2.14). Hereby, the converting array response 

matrix can be rewritten like below; 

𝛼𝛼�(∅) = �
𝑒𝑒−𝑗𝑗ℎ∅1 … 𝑒𝑒−𝑗𝑗ℎ∅𝑝𝑝
⋮ ⋱ ⋮

𝑒𝑒𝑗𝑗ℎ∅1 … 𝑒𝑒𝑗𝑗ℎ∅𝑝𝑝
�                                    (2.20) 

Afterward, the array manifold is in the Vandermonde structure. MUSIC techniques 

can be applied like ULA geometric form. 

 

2.2.3 The Steering Matrix of L-Shaped Array 

 

As it is depicted in Figure 2.4, an L-shaped array consists of two uniform linear 

array, which they lied on the X and Y axes. The one of the antenna elements are 

common for two these ULA arrays.  

 

 
Figure 2.4 L-Shaped Array geometric structure (Xia & Du, 2006) 

 

The distance between two adjacent elements is defined like the ULA array. The L-

shaped array of the receiving signal of the steering matrix for each can be determined 

by using the ULA array equations. The array manifold for the ULA structure on X axes 

can be written as; 

𝐴𝐴𝑥𝑥(∅) = [𝑎𝑎𝑥𝑥(∅1),𝑎𝑎𝑥𝑥(∅2), …𝑎𝑎𝑥𝑥(∅𝐾𝐾)]                                    (2.21) 

Similarly, the array response for the ULA which it is on the Y axes can be defined; 
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𝐴𝐴𝑦𝑦(∅) = [𝑎𝑎𝑦𝑦(∅1),𝑎𝑎𝑦𝑦(∅2), … 𝑎𝑎𝑦𝑦(∅𝐾𝐾)]                                    (2.22) 

where 𝑀𝑀, is the number of the elements in each array, 𝐾𝐾, is the number of the 

impinging signals on the array and 𝑑𝑑 is the distance between two elements. 

𝑎𝑎𝑥𝑥(∅𝐾𝐾) = �𝑎𝑎𝑥𝑥,1(∅𝑘𝑘),𝑎𝑎𝑥𝑥,2(∅𝑘𝑘), … ,𝑎𝑎𝑥𝑥,(𝑀𝑀−1)(∅𝑘𝑘)�                            (2.23) 

= [𝑒𝑒𝑗𝑗2𝜋𝜋 cos(∅𝑘𝑘)𝑑𝑑 𝜆𝜆� , … , 𝑒𝑒𝑗𝑗2𝜋𝜋 (M−1)cos(∅𝑘𝑘)𝑑𝑑 𝜆𝜆� ]𝑇𝑇                       (2.24) 

𝑎𝑎𝑦𝑦(∅𝐾𝐾) = �𝑎𝑎𝑦𝑦,1(∅𝑘𝑘),𝑎𝑎𝑦𝑦,2(∅𝑘𝑘), … ,𝑎𝑎𝑦𝑦,(𝑀𝑀−1)(∅𝑘𝑘)�                            (2.25) 

= [𝑒𝑒𝑗𝑗2𝜋𝜋 sin(∅𝑘𝑘)𝑑𝑑 𝜆𝜆� , … , 𝑒𝑒𝑗𝑗2𝜋𝜋 (M−1)sin(∅𝑘𝑘)𝑑𝑑 𝜆𝜆� ]𝑇𝑇                       (2.26) 

 

In order to obtain the main array manifold of the receiving signal, we will apply the 

property of kronecker products (Ma, Hsieh, & Chi, 2010). 

𝐴𝐴𝑥𝑥𝑥𝑥(∅) = 𝐴𝐴𝑥𝑥(∅) ⊗𝐴𝐴𝑦𝑦(∅)                                    (2.27) 

 

2.3 Properties of Subspace DOA Methods 

 

The subspace technique uses its approved properties that they are given below (Chen, 

Gokeda, & Yu, 2010); 

 

 The eigenvectors spread out the spatial covariance matrix and include two 

subspaces; signal and noise subspaces and both of them are orthogonal. 

 The steering vectors of the signal subspace. 

 The smallest Eigen-values of covariance matrix is spanned the noise subspace. 

 The biggest Eigen-values of covariance matrix is spanned the signal subspace. 

 

2.3.1 Multiple Signal Classification Method 

 

Multiple Signal Classification methods is one of the most popular of the DOA 

technique. It has a high resolution and low-computation complexity (Pal & 
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Vaidyanathan, 2010). Also, it overcomes the fundamental limitations of methods such 

as the Bartlett and Capon (Ioannides & Balanis, 2005).  

 

The MUSIC algorithm is a subspace-based method that used the array output signal 

of covariance matrix to estimate parameters of multiple signals. In MUSIC algorithm, 

it is accepted that the covariance matrix of the noise has uniform power on the diagonal 

as 𝑊𝑊𝑛𝑛 = 𝜎𝜎2𝐼𝐼, where 𝐼𝐼 is the identity matrix. The covariance matrix of the array output 

signal can be determined as: 

𝑅𝑅 = �𝑋𝑋�𝑋𝑋�𝐻𝐻� = 𝐴𝐴𝑅𝑅𝑠𝑠𝐴𝐴𝐻𝐻 + 𝜎𝜎2𝐼𝐼                                  (2.28) 

It assumes that the number of the source signals are known and not correlated. Also 

it accepted that the estimate signal covariance matrix has a full rank. In Equation 2.28; 

𝑅𝑅𝑠𝑠  is denoted covariance matrix, 𝐴𝐴 is array manifold, 𝐴𝐴𝐻𝐻, Hermitian matrix of the 

array manifold and 𝜎𝜎2𝐼𝐼 is the noise covariance matrix.  

 

The Eigen decomposition will be provided to obtain the eigenvalues and 

eigenvectors of the covariance matrix. The eigenvalues are 

{λ1 ≥ λ2 ≥, … ,≥ λ𝑀𝑀}                                        (2.29) 

and the eigenvectors are 

{𝑣𝑣1, 𝑣𝑣2, … , 𝑣𝑣𝑀𝑀}                                            (2.30) 

The MUSIC can provide number of incoming signals, direction of arrival, the 

power of incoming signals, noise signal power and correlation of the signals. The 

number of impinging signals are determined by using the Eigen values. The number 

of Eigen values of covariance matrix which is not equal to zero will give the number 

of incoming signals.  

 

The Eigen vectors of R covariance matrix are using to obtain the direction of arrival 

of the receiving signals. The noise subspace is orthogonal to the array response vector 

as in equation 2.31. 



   
 

16 
 

�𝑣𝑣𝑝𝑝+1,𝑣𝑣2, … , 𝑣𝑣𝑀𝑀� ⊥  �𝛼𝛼�(∅1),𝛼𝛼�(∅1), … ,𝛼𝛼��∅𝑝𝑝��                     (2.31) 

The spatial spectrum of the MUSIC can be given as; 

𝑃𝑃𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀(∅) = 1

∑ �𝛼𝛼�𝐻𝐻�
2𝑀𝑀

𝑖𝑖=𝑝𝑝+1
 ,   𝛼𝛼�𝐻𝐻𝑣𝑣𝑖𝑖 = 0, 𝑖𝑖 = 𝑝𝑝 + 1, … ,𝑀𝑀              (2.32) 

The MUSIC spectrum will occur at the direction of the arrival estimation of the 

receiving signal. And DOA estimation can obtain to utilize these peaks.  
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CHAPTER THREE  

METHODOLOGY 

 

In this chapter, firstly we will explain to implementation of algorithms with ULA, 

UCA, and L-Shaped array geometric configurations. After that, we will synthesize 

three geometric configurations by their error weight function and try to optimize 

results for getting better DOA estimations. 

 

3.1 Implementation of MUSIC Algorithm for ULA Configuration 

 

As it can be seen in Figure 3.1, ULA array has two antennas. There are 45-degrees 

angle between array line and X axes. Because of the ULA has symmetrical structure, 

we will assume that there are no angel differences between array line and X axes. We 

will apply MUSIC algorithm. After determining the DOA, we will add 45 degrees to 

result of DOA.  

 
Figure 3.1 Uniform linear array configuration which consist two elements 

 

The distance between two adjacent elements is ≤ 𝜆𝜆
2
 , the frequency of the signal is 

2.45 GHz. The distance can be calculated by using Equation 2.6. Therefore, the ULA 

structure just have two number of elements, it can be estimated only single source of 

incoming signal.  
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As the ULA has two number elements, the array manifold of incoming signal can 

be determined; 

𝐴𝐴(∅)  = [𝛼𝛼1(Ф1)] 2𝑥𝑥𝑥𝑥                                       (3.1)                                                                                       

And the output of the incoming signal vector is; 

              𝑋𝑋(𝑡𝑡) = 𝛼𝛼(∅)𝑆𝑆(𝑡𝑡) + 𝑁𝑁(𝑡𝑡)                                     (3.2)  

For the above equation, the size of 𝑋𝑋 and the additive white noise signal vector 𝑁𝑁 

is (2𝑥𝑥𝑥𝑥), which 𝐾𝐾 represent the number of snapshot of the incoming signal. The size 

of the incoming signal (𝑆𝑆), is  (1𝑥𝑥𝑥𝑥) .  The flow chart of the DOA estimation 

algorithm, for ULA structure can be expressed step by step like in Figure 3.2. 

 
Figure 3.2 The flow chart of the DOA estimation for ULA structure 
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3.2 Implementation of MUSIC Algorithm for the ULSA Configuration 

 

      The ULSA geometric configuration for our implementation can be seen in Figure 

3.2 In our constructions we have only two antenna elements in each X and Y axes 

arrays. The distance between two adjacent elements is 𝑑𝑑𝑈𝑈𝑈𝑈𝑈𝑈
√2� . 

 

Figure 3.3 The ULSA geometric structure in our implementation 

 

The array manifold of the ULSA structure can be determined as below; 

𝑎𝑎𝑥𝑥(∅𝐾𝐾) = �𝑎𝑎𝑥𝑥,1(∅𝑘𝑘),𝑎𝑎𝑥𝑥,2(∅𝑘𝑘)�                                        (3.3) 

= [1, 𝑒𝑒𝑗𝑗2𝜋𝜋 cos(∅𝑘𝑘)𝑑𝑑 𝜆𝜆� ]𝑇𝑇                                         (3.4) 

𝑎𝑎𝑦𝑦(∅1) = �𝑎𝑎𝑦𝑦,0(∅1),𝑎𝑎𝑦𝑦,1(∅2)�                                        (3.5) 

= [1, 𝑒𝑒𝑗𝑗2𝜋𝜋 sin(∅𝑘𝑘)𝑑𝑑 𝜆𝜆� ]𝑇𝑇                                         (3.6) 

Then the results of the main steering array of the matrix can be written as;  
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𝑎𝑎𝑥𝑥𝑥𝑥(∅1) = [𝑎𝑎𝑥𝑥(∅1) ⊗𝑎𝑎𝑦𝑦(∅1)]4𝑥𝑥1                            (3.7)         

Then the MUSIC algorithm can be directly applied to obtain the direction of the 

arrival estimation. 

 

3.3 Applying MUSIC Algorithm to UCA Configuration 

 

The UCA geometric structure which is used in this thesis is depicted in Figure 3.3 

and as it can be seen the configuration has four elements. In this dissertation, we are 

just interested one dimensional of the DOA estimation. Because of that the elevation 

angle was taken 90ο.   

 

 
Figure 3.4 Uniform circular array configuration with four elements 

 

The array response of the UCA structure can be determined in Equation (2.11). As 

it was expressed in section 2.2.2; if it is taken elevation angle as 90ο, then 𝜍𝜍 = 𝑘𝑘0𝑟𝑟 and 

  𝛾𝛾𝑛𝑛 = 𝜋𝜋(𝑛𝑛−1)
2

. By using these two definitions, the steering vector can be calculated as, 

𝛼𝛼(∅) = [𝑒𝑒𝑗𝑗𝑗𝑗 cos(Ф−𝛾𝛾0), 𝑒𝑒𝑗𝑗𝑗𝑗 cos(Ф−𝛾𝛾1), 𝑒𝑒𝑗𝑗𝑗𝑗 cos(Ф−𝛾𝛾2), 𝑒𝑒𝑗𝑗𝑗𝑗 cos(Ф−𝛾𝛾3)           (3.8) 
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First of all, the highest phase mode order of the Bessel function must be determining 

to calculate the phase mode beamforming vector. The highest phase mode was 

determined by 𝑚𝑚 ≈ 𝑘𝑘0𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟(∅) ∊ [0, 𝑘𝑘0𝑟𝑟], when ∅ = 90ο.  

 

Afterward, the phase beamforming vector and the resulting phase mode array beam 

pattern matrix can be written as below respectively, where the 𝑤𝑤 = 𝑒𝑒
𝑗𝑗2𝜋𝜋
𝑀𝑀 ,  𝑀𝑀 = 4 and 

𝑚𝑚 = 2. 

𝐽𝐽 = 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 � 1
√𝑀𝑀𝑗𝑗𝑚𝑚𝐽𝐽𝑚𝑚(𝑘𝑘𝑘𝑘)

� (5)𝑥𝑥(5)                                        (3.9) 

𝐹𝐹 = 1
√𝑀𝑀

⎝

⎜
⎛

1 𝑤𝑤−2 𝑤𝑤−4 𝑤𝑤−6

1 𝑤𝑤−1 𝑤𝑤−2 𝑤𝑤−3

1 1 1 1
1 𝑤𝑤1 𝑤𝑤2 𝑤𝑤3

1 𝑤𝑤2 𝑤𝑤4 𝑤𝑤6 ⎠

⎟
⎞

                                          (3.10) 

Then, the transformation matrix can be figure out by multiplying 𝐽𝐽 and 𝐹𝐹 matrix. 

As it is defined in equation (2.14), the UCA steering vector of the VULA version can 

be figure out as below; 

𝛼𝛼�(∅) =

⎝

⎜
⎛
𝑒𝑒−𝑗𝑗2∅1
𝑒𝑒−𝑗𝑗∅1

1
𝑒𝑒𝑗𝑗∅1
𝑒𝑒𝑗𝑗2∅1 ⎠

⎟
⎞

                                                  (3.11) 

Now, we can determine the output of the incoming signal matrix, 

𝑋𝑋�(𝑡𝑡) = 𝛼𝛼�(∅)𝑆𝑆(𝑡𝑡) + 𝑁𝑁�(𝑡𝑡)                                   (3.12) 

     Finally, it can be performed MUSIC algorithm to obtain the DOA estimation, as it 

is a ULA form. The flow chart of the DOA estimation for UCA-MUSIC can be 

expressed like below; 
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Figure 3.5 The flow chart of the DOA estimation for UCA structure 
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3.4 Determining DOA by Applying Multiple Algorithm via Their Error Weight 

Function 

 

In order to evaluate the results of the DOA estimations for all geometric structures, 

the angle ranges of the all configurations must be put on the same angle scale. Thus, it 

has widest azimuthally coverage, we choose the UCA configuration as reference. In 

figure 3.4, It can be seen that we start the reference point from the first antenna element 

of the UCA. When we get this point as a reference the scale of angles for all 

configurations will be like below; 

 

• The ranges of the UCA is between 0ο to 360ο. 

• The coverage of the ULA will be 135ο to 305ο. 

• The ULSA angle range will be 180ο to 270ο. 

 

 
Figure 3.6 Put on all the DOA configurations in same scale 

 

In order to combine all the DOA results together, we perform the MUSIC algorithm 

to the geometric structure on their own scale, then we shift the results to the common 

scale. To convert the ULA and the ULSA structure angles of the receiving signal as 

the UCA scale, the equations (3.14) and (3.15) can be used respectively.  

 ∅𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 =  ∅𝑈𝑈𝑈𝑈𝑈𝑈                                                        (3.13) 



   
 

24 
 

∅𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 =  ∅𝑈𝑈𝑈𝑈𝑈𝑈 + 135°                                                  (3.14) 

∅𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 =  ∅𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈 + 180°                                                (3.15) 

Afterwards, the results of the DOA estimations can be compared easily. In order 

to combine and increase the accuracy of the DOA results, Equation 3.16 is used. It is 

chosen the best configuration to achieve higher performance values.  

 

𝐷𝐷𝐷𝐷𝐷𝐷 = �
𝑖𝑖𝑖𝑖,∅𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 = 0𝜊𝜊 𝑡𝑡𝑡𝑡 145𝜊𝜊  𝑎𝑎𝑎𝑎𝑎𝑎 145𝜊𝜊 𝑡𝑡𝑡𝑡 295𝜊𝜊 ,𝐷𝐷𝐷𝐷𝐷𝐷 =  ∅𝑈𝑈𝑈𝑈𝑈𝑈     
𝑖𝑖𝑖𝑖,  ∅𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 = 145𝜊𝜊  𝑡𝑡𝑡𝑡 295𝜊𝜊 ,𝐷𝐷𝐷𝐷𝐷𝐷 = 𝑚𝑚𝑚𝑚𝑚𝑚(∅𝑈𝑈𝑈𝑈𝑈𝑈,∅𝑈𝑈𝑈𝑈𝑈𝑈)             
𝑖𝑖𝑖𝑖,∅𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 = 190𝜊𝜊  𝑡𝑡𝑡𝑡 260𝜊𝜊 ,𝐷𝐷𝐷𝐷𝐷𝐷 =  𝑚𝑚𝑚𝑚𝑚𝑚(∅𝑈𝑈𝐶𝐶𝐶𝐶,∅𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈,∅𝑈𝑈𝑈𝑈𝑈𝑈)

(3.16) 
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CHAPTER FOUR 

RESULTS  

 

In order to analyze the performance of the configurations, we have made several 

simulations. The classical MUSIC algorithm was applied to three array structures. In 

these section, we will show the simulation results for ULA, UCA and ULSA geometric 

configurations respectively. Then, we will simulate for specific angle ranges to 

compare the performance of the structures. Finally, the results of DOA estimations 

will be combined for two or three configurations to increase the performance for blind 

range angles which it is the main aim of this study. 

 

There are several parameters which effect the results of the DOA estimations 

performance like; SNR, number of the trials and snapshots, and the value of the 

receiving signal. We will make simulation to observe the effect these parameters.     

 

4.1 Simulation Result of ULA Configuration 

 

The first simulation was made for the ULA configuration. There is right proportion 

between the DOA estimation and SNR. The relationship of the DOA estimation and 

the SNR can be seen in Figure 4.1. As it is expected, when the SNR value is 0, the 

error value is about 6 degrees, and when the SNR value is 16, the error value is under 

1 degree.   

 

 
Figure 4.1 Simulation for ∅=44, Trials=100, Snapshots=1000 and SNR=0 to 16 
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As previously mentioned, the results of the DOA estimations are varying by the 

incoming of the signal angle. The angle range of the DOA estimation is chosen 

generally between -90 to 90 degree. However, the ULA configurations has a suffer, 

when the angle values are between the -90 to -85 and 85 to 90 degree. Thus, our ULA 

structure has only two number of the elements, we have range for the DOA 

estimations. The performance of the DOA estimations for the angles between -70 to 

70 degree is presented in Figure 4.2. By increasing the SNR and the number of the 

snapshots, the results can be taken for wider range. But the computation time will rise 

dramatically.  

 

 
Figure 4.2 Trials = 25, Snapshots=1000, SNR=20, DOA=-70 to 70 Degree 

 

The peaks of the spatial MUSIC spectrum are used to determine the DOA 

estimations. In the Figure 4.3, it can be seen that the peaks cannot occur properly, when 

the angle of the incoming signal is -85 degree.  

 

 
Figure 4.3 The Spatial Music Spectrum When the DOA=-85 
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4.2 Simulation Result of ULSA Configuration 

 

The L-Shaped Array configuration is very similar to the ULA geometric structure. 

It consists two ULA configuration. As the ULA construction, it has some angle ranges 

to handle the DOA estimations. The accuracy of the estimation is better than the ULA 

configuration. In Figure 4.4, the error of the estimations by varying to SNR is depicted.   

  

 
Figure 4.4 The Relation of the SNR and the error estimation of the ULSA structure 

 

The one of the most significant disadvantages of the ULSA configuration is the 

azimuthally coverage angle. However, it can cover only 90 degrees, the configuration 

has very poor performance in some ranges. The error values of the estimations can be 

seen in Figure 4.5, while the angle of the incoming signals are between 10ο to 80ο.  

 

 
Figure 4.5 The DOA estimations for the ULSA structure (DOA =10ο-80ο) 
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When the direction of the arrival angle is between 0ο to 10ο and 80ο to 90ο, the 

accuracy of the DOA estimations is very low. Most of the time, it cannot handle to 

determine the angle of the receiving signal. In Figure 4.6, the spatial power of the 

MUSIC spectrum can be viewed, when the direction of the arrival angle equals 7ο. The 

peak cannot occur properly, so the DOA estimation cannot be determined.   

 

 
Figure 4.6 The spatial MUSIC spectrum of the ULSA when DOA=7ο 

 

4.3 Simulation Result of UCA Configuration 

 

The UCA configuration has some advantages when we compare with the ULA and 

ULSA structures. It can azimuthally cover between 0 and 360 degrees. Moreover, it 

can handle to estimate multiple incoming signals simultaneously. As we have only 4 

number of the elements, the UCA configuration can obtain two angle of the receiving 

signals in our configuration. We have been made simulations by varying the 

parameters for single and two source impinging signal respectively.  

 

4.3.1 Simulation Results of the UCA Structure for Single Source Receiving Signal 

 

The relationship between the SNR and the performance of the DOA estimation is 

like the ULA configuration. The results of the UCA structure are better than the ULA 

configuration, as it can be seen in the below figure. The UCA structure has very good 

results even when the SNR is low.  
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The accuracy of the DOA estimations for the uniform circular array geometric 

structure is poor for some angles, as we can see same results for the ULA 

configuration. The UCA structure can handle to obtain the DOA estimations, but the 

error value is very high. In Figure 4.7, it can be seen the relationship between the DOA 

estimation performance with SNR values. 

 
Figure 4.7 The Performance of the UCA structure When SNR is between -12 to 12 

 

In Figure 4.8, It can be seen which the angle values are changing between 10 to 350 

degree. The DOA estimations for that range is very successful.   

 

 
Figure 4.8 The Error values of the DOA estimations When DOA=10-350 

 

The simulation is performed for all efficient angle ranges with two different SNR 

value. As it is expected, when the SNR value is high the error values are low and when 

the SNR value is low, the error values are high. 
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Figure 4.9 The error value of the estimations, when ∅=350-360 and ∅=0-10 degree 

 

The UCA structure cannot handle to estimate some of the incoming angles. The 

results of the estimations for angles between 0-10 and 350-360 degrees can be seen in 

Figure 4.9. As it is presented in figure, the accuracy of the DOA estimation is very 

low, and it is not efficient for determining the angle of the receiving signal. 

 

4.3.2 Simulation Results of the UCA Structure for Two Source Receiving Signal 

 

Because of the ULA and ULSA hasn’t enough number of the elements, the UCA is 

the only structure to estimate two number of the receiving of signals simultaneously, 

in our implementations. Therefore, we have just the four number of the antenna 

elements in the UCA configuration, the angle values of between two incoming signal 

source must be high to obtain the DOA estimations. The spatial power of the MUSIC 
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spectrum can be seen in Figure 4.10, when ∅1=163 and ∅2=233, the number of the 

trials=100 and the number of the snapshots is 200. 

 

 
Figure 4.10 The MUSIC spectrum for two impinging signals with high resolution 

 

 
Figure 4.11 The MUSIC spectrum for two impinging signals with low resolution 

 

The resolution is defined the difference between two angles of the receiving signal. 

When the resolution is low, only one peak occurs on the spatial power of the MUSIC 

spectrum and the positions of the peak is between two angles as it can be seen in Figure 
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4.11. That’s why, only one of the DOA estimations can be obtained. Generally, the 

result of the DOA estimation value is the average of the two incoming angles, when 

the resolution is low.  

 
Table 4.1 The Result of 2 DOA Estimation for UCA Configuration 

Angle of 
the 1st 

incoming 
signal 

DOA 
estimation 
of the 1st 
incoming 

signal 

Error for 
the 1st 
DOA 

(Degree) 

Angle of 
the 2nd  

incoming 
signal 

DOA 
estimation 
of the 1st 
incoming 

signal 

Error for 
2nd DOA 
(Degree) 

Explanation 

20 - - 35 - - SNR=0, 
Snapshot=2000 

20 27.36 7.36 35 301.52 266.52 SNR=0, 
Snapshot=20000 

20 23.17 3.17 35 115.21 80.21 SNR=6, 
Snapshot=20000 

20 20.55 0.55 35 34.56 0.44 SNR=10, 
Snapshot=20000 

20 21.70 1.70 40 55.05 15.05 SNR=10, 
Snapshot=2000 

20 20.40 0.40 45 44.42 0.58 SNR=10, 
Snapshot=2000 

20 21.96 1.96 50 61.63 11.63 SNR=5, 
Snapshot=2000 

20 20.68 0.68 55 53.90 2.10 SNR=5, 
Snapshot=2000 

20 21.05 1.05 55 53.60 2.40 SNR=5, 
Snapshot=1000 

20 22.61 2.61 60 68.73 8.73 SNR=5, 
Snapshot=500 

20 20.89 0.89 70 69.85 0.15 SNR=5, 
Snapshot=500 

20 21.63 1.63 70 68.40 1.60 SNR=5, 
Snapshot=250 

20 20 0 120 119.92 0.08 SNR=5, 
Snapshot=250 

 

The DOA estimations of the results for two incoming signals with different 

incoming angels and by varying other parameters can be seen in Table. The following 

results can be drawn from table; 

 

• The number of the snapshots has a significant impact on the DOA estimations. 

When the number of the snapshots is high, it can handle to determine two 

incoming signals of the angle, even when the resolution is low.  

• In order to increase the accuracy of the DOA estimations SNR and the number 

of the snapshots should be raised, when the resolution is low. The histogram 
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of the estimations for the first angle of the receiving signal is 20 degrees and 

the second angle of the incoming signal is 35 in depicted in Figure 4.12. 

However, when the number of the snapshots is increased by two times, the 

computation time is raising more than two times. 

 

• The error of the DOA estimations is low, while the resolution is higher than 40 

degrees.  

 

 

Figure 4.12 The histogram of the estimations when SNR=10 the snapshots=20000 
 

4.4 Comparing ULA, ULSA and UCA structures 

 

Figure 4.13 Comparing the DOA estimations for Combined Error, Average Error and UCA  
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     The performance of the angular position is depicted in Figure 4.13. It is clear that 

the combined error value is equal or lower than UCA geometrical structure. So, the 

combined DOA estimation algorithm has better performance than UCA. 

 

 
Figure 4.14 Comparing the performance of the ULA, ULSA, UCA by SNR 

 

In Figure 4.14, it is presented the error values, when the SNR value is between 0 to 

21. This figure shows us the overall performance of UCA structure is better than other 

structures, when the SNR value is low.  

 
Figure 4.15 Comparing the performance of the ULA, ULSA, UCA by angle 

 
     The result of the DOA estimations error for angles between 3 to 356 degrees is 

presented in Figure 4.15. The error of DOA estimations is taken as 1 degree, for ULA 

and ULSA, when the angles are not covered by them. The performance of the DOA 

estimation is low for all structures, when the angles are at the beginning or at the end 

of the coverage angle range. 
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CHAPTER FIVE 

CONCLUSION  

 

In this dissertation, we represent a 1-D direction of arrival estimation solutions with 

several antenna array configurations by performing MUSIC subspace method. We 

have an UCA array with four antenna elements. We compose three different array 

configurations, by using the antenna position variations. 

The first array structure is the uniform circular array, which it includes all four 

antenna elements and can cover 360ο azimuthally. The results of the DOA estimations 

for the single incoming signal are very good, when the SNR is over 2, and the angle 

of the receiving signal is between 5ο to 355ο. However, while the number of the 

incoming signals is more than one, the UCA configuration cannot handle to obtain the 

DOA estimation for low resolution. In order to get better estimations for two incoming 

signal sources, the number of the signal snapshots must be increased. However, when 

the number of the snapshots increase, the computation load is rising.  

The second array structure is the uniform linear array, which it has only two antenna 

elements. The ULA configuration can able to cover 180ο azimuthally. Thus, it consists 

only two elements, it can handle to obtain the DOA estimations for only single source 

signal.  

 The third array structure is the L-shaped array, which it includes two ULA 

configurations that has two antenna elements. As the ULA configuration, the ULSA 

can be used to obtain the angle of the single signal source. The azimuthally angle 

coverage limit is worse than the ULA and the UCA. However, the accuracy of the 

DOA estimations is better than the ULA and the UCA configurations, when the 

receiving angle of the signal is in its range.  

Finally, we combine the DOA estimations for all array structure to improve the 

accuracy of the DOA estimations. We get the better estimations, when the angle of the 

incoming signals is between common angle of two or three structures. 
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APPENDICES 

 

ABBREVIATIONS 

 

DOA   Direction-Of-Arrival 

AOA   Angle-Of-Arrival 

ML   Maximum Likelihood 

ULA   Uniform Linear Array 

UCA  Uniform Circular Array 

LSA  L-Shaped Array 

URA   Uniform Rectangular Array 

SNR   Signal to Noise Ratio 

RMSE  Root Mean Square Error 

MCM   Mutual Coupling Matrix 

MUSIC  Multiple Signal Classification 

ESPRIT  Estimation of Signal Parameter via Rotational Invariance Techniques 

SVD   Singular Value Decomposition 

MVDR  Minimum Variance Distortionless Response 

RTLS  Real Time Location Systems 
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